The design of a high finesse optical cavity made from two prism retroreflectors is fully described. Optical beam propagation calculations to determine the specification of prism angles and relative dimensions, the size of the astigmatic TEM 00 beam as it propagates in the cavity, and the sensitivity of the optic axis to changes in prism alignment and fabrication errors are presented. The effects of material dispersion are also quantified for three different materials: fused silica, calcium fluoride, and barium fluoride. The predictions made are found to be in good agreement with experimental results obtained from prisms we had made from fused silica. Prisms made of CaF 2 and BaF 2 are predicted to be useful for applications in the UV and mid-IR spectral regions, respectively.
Introduction
The use of high finesse optical cavities to enhance sensitivity of absorption spectroscopy has greatly expanded since the introduction of cavity ring-down spectroscopy (CRDS) by Deacon and O'Keefe [1] . CRDS and related methods, including cavity enhanced absorption spectroscopy (CEAS) [2, 3] and noise immune cavity enhanced optical heterodyne molecular spectroscopy (NICE-OHMS) [4] , exploit the sensitivity of the decay rate and transmission of low loss optical cavities to a small loss, due to absorption or scattering, introduced by a sample inserted within the optical resonator. Cavity enhanced spectroscopy has found a wide variety of applications including fundamental spectroscopy [5] , atmospheric studies [6] , single cell detection [7] , combustion studies [8] , and human breathe analysis [9] . In almost all of this work, dielectric mirrors have been used to create the cavities because of the ability to obtain "super mirrors" with loss of less than 100 parts per million (ppm) [10] . With proper choice of materials and thickness for the layers, dielectric mirrors can be constructed over a wide range of wavelengths and can achieve low loss from the mid-IR through the near-UV. These mirrors achieve such high reflectivity by constructive interference of the Fresnel reflection of many interfaces produced by multilayer coatings of alternate high and low index materials. However, such interference limits the wavelength coverage of the highest reflectivity mirrors; losses will approximately double for a shift in wavelength of AE5% from the central design wavelength and increase rapidly thereafter [11] . Total internal reflection allows high reflectivity at any wavelength. Pipino et al. used monolithic prisms resonators based upon this principle for evanescent wave cavity ringdown measurements of species bound to a prism surface [12] .
In this paper, we present the design and analysis of a stable optical resonator based upon a pair of Brewster angle retroreflector prisms suitable for use in cavity enhanced spectroscopy of gaseous media contained in the optical path between the prisms. The major advantage of using such prisms is that the bandwidth of the high finesse cavity is practically limited only by the spectral regions of low internal 0003-6935/09/162966-13$15.00/0 © 2009 Optical Society of America transmission loss of the material used to construct the prisms. Using a variety of materials, it's potentially possible to construct prism cavities capable of covering a region stretching from the UV into the mid-IR. For example, calcium fluoride could be used in the UV/Vis region, fused silica in the visible to the near-IR, and barium fluoride in the near-IR to the mid-IR. Previously, a preliminary report on these prisms constructed from fused silica was published in a conference proceedings [13] , the patent literature [14] , and more recently in a demonstration of the prism cavity in combination with a supercontinuum light source [15] . Independently, a similar prism cavity was proposed in the literature [16] .
The present work provides the first thorough analysis of the resulting cavity, including a theoretical discussion of the expected loss. An optical analysis is given of the effects of both prism misalignment and errors in construction that is suitable for specification of prism manufacture and design of the mounting and alignment system. The effective dispersion of the prism resonator is also presented, which is important when coupling an optical comb, such as a mode locked laser, into the cavity [17] [18] [19] [20] .
Brewster Retroreflector Prism Cavity Design
A. Prism Design Figure 1 shows a top view of the retroreflective prisms. Let the short side (AB) have a length a and the prisms be made of isotropic material, such as fused silica, with refractive index n, relative to the medium surrounding the prisms. A light ray enters the long face (AD) at R 0 with an external angle of incidence nearly at Brewster's angle (θ B ¼ tan −1 ðnÞ) (we will neglect this deviation below) and with an internal angle of incidence equal to the complement of θ B . The internal ray strikes face AB at R 1 with an angle of incidence equal to 45°. This requires that the angle ∠DAB ¼ 135°− θ B . As long as n is greater than ffiffiffi 2 p , this ray will undergo total internal reflection when it strikes side AB. It will then propagate to the next side (BC) and experience a second total internal reflection off this face at R 2 with an angle of incidence equal to 45°as long as ∠ABC ¼ 90°. This ensures that this reflected ray, R 2 R 3 , is exactly parallel in the horizontal plane to the ray incident on side AB, R 0 R 1 , and this ray will leave the prism at Brewster's angle for the prism to air interface at R 3 , which is just the complement of Brewster's angle for the air to prism interface. The prism exiting ray is parallel to the incident one. By the law of sines, the ray will be centered on the AB face if the length AR 0 is given by a sinð45°Þ
The second equality results from tanðθ B Þ ¼ n. Likewise, the propagation distance R 0 R 1 is given by
The propagation distance R 1 R 2 is a= ffiffiffi 2 p , and the propagation distance R 2 R 3 is
Thus the total path inside each prism is
Therefore the distance R 3 A is three times R 0 A, and in order to maintain the maximum aperture, the distance AD should be
We will take this to be an equality. The aperture will be maintained if BC ≥ AB. For n ≥ ffiffiffi 3 p , this is realized if we take BC ¼ AB, ∠BCD ¼ 135°, and
, it is preferred to take ∠BCD ¼ 3θ B − 45°. This will allow the input ray to the cavity, which will strike surface AD at R 3 near Brewster's angle, to leave the prism by striking surface CD near Brewster's angle and minimize reflections and thus scattered light inside the prism. In this case, the prism will have ∠CDA ¼ 180°− 2θ B , ∠BCD ¼ 2θ B − 45°, and some tedious geometry allows one to calculate that Light is coupled into the cavity at R 3 and coupled out at R 0 . All surfaces are flat with exception to EF, which has a 6 m convex curve. Labels are referred to in the text along with prism dimensions and angles. The size of the prisms relative to their displacement is not to scale.
These later lengths and angles can be specified with a relatively loose tolerance. However, if ∠ABC deviates from 90°, the rays entering and leaving the prism will no longer be parallel and thus this angle must be specified to high accuracy. An error in ∠DAB can be compensated for by a rotation of the entire prism, however this will reduce the angle of incidence when the ray strikes surface AB or BC, which will bring it closer to the critical angle, sin −1 ðnÞ, for total internal reflection. We can use the rate of change of the internal angle of incidence, θ i , with external angle, θ e (evaluated at Brewster's angle), ðdθ i =dθ e Þ ¼ 1=n 2 , to calculate the change in angle of incidence due to prism rotation. With this design, the ray in plane full aperture for the reflector will be a= ffiffiffi 2 p n. The specification of the size of the prisms has not yet been discussed. Clearly, the bulk scattering and absorption loss scales linearly with the horizontal size of the prisms, and one would therefore like to keep the prisms as small as practical from that perspective. However, the fabrication and alignment sensitivities scale inversely with the size of the prisms. Ultimately, even without errors, diffraction losses would limit the size. A prism vertical height of a=n will approximately match the ratio of aperture to spot size. But as will be shown below the principle displacements on the prisms due to roll and pitch alignment errors are vertical, thus it is better to make the prisms larger in that direction, perhaps making the vertical height a.
B. Optical Cavity
An optical cavity is formed by facing two such retroreflectors towards each other such that corresponding faces are nearly parallel as shown in Fig. 1 . Vertices E, F, G, and H in the second prism correspond to A, B, C, and D, respectively, in the first prism. Likewise, the intersection points of the optic axis with the surfaces in the second prism, R 4 , R 5 , R 6 , and R 7 , correspond to R 0 , R 1 , R 3 , and R 4 in the first prism. Let L g be the distance along the optical axis from Brewster face (AD) to Brewster face (EH); this will be the distance of propagation in the sample per pass of the cavity. Further, the prisms must be placed such that a ray leaving R 3 at Brewster's angle will strike R 4 , which is the point on the second prism that corresponds with R 0 . This will allow for a ring optical cavity with the optical path passing through the points R 0 …R 7 , R 0 . As described such a cavity would be on the borderline of optical stability. To form a stable optical cavity, some focusing element is needed. In principle, one could put a Brewster's angle tilted lens in the optical path of one leg of the cavity, but that would introduce unnecessary optical loss and would cause deviation in the intracavity beam unless precisely centered. A more convenient approach is to construct a convex curved surface on one or more of the faces, centered on one or more of the points R 1 , R 2 , R 5 , or R 6 . In this case, we chose to incorporate the curved surface on face EF and center at R 5 . Because the optic axis strikes this surface at 45°, there will be considerable astigmatism and it would be ideal to construct an astigmatic surface, with different horizontal and vertical radii of curvature, to compensate. Unfortunately, this proved too difficult for the fabricators, so we selected a convex spherical surface with radius R c . Using the ABCD matrices given by Siegman's book [21] (but correcting an error for an off axis dielectric surface given in the errata for the book [22] !), the in plane tangential (t) and out of plane sagittal (s) effective focal lengths of the prism retroreflector are found to be
; respectively. In order to form a stable optical cavity in the tangential direction, the prism separation must satisfy
A separation of half this value will make the cavity semiconfocal in the tangential direction and give the smallest tangential spot size on the focusing prism (where the beam is largest). If both prisms had curved surfaces of radius R c , then the maximum separation of the prisms that forms a stable optical cavity is double that of a single curved prism.
C. Cavity Alignment Procedure
How many adjustments of the prisms are needed? In principle the two prisms are defined by three positions and three orientations each. However, only relative orientation and displacement of the prisms matter, and small vertical displacement of the beams and changes in separation do not change the loss. This leaves four adjustments as, in principle, sufficient. However, it is difficult to swing the direction of the input radiation, and thus it is more convenient to be able to align the prisms relative to that beam. This constraint implies that a total of eight adjustments (four per prism) are needed. To achieve the necessary eight adjustments, each prism is mounted on a commercial prism stage (New Focus 9411). A 0:40 cm thick quartz plate is used to separate the prism from the mounting surface, minimizing any stress-induced birefringence associated with the differences in thermal expansion between the two materials. A minimal amount of low stress optical adhesive (Dymax OP-66-LS) is used to secure the prisms. Each prism stage is mounted on a linear translation stage with the stages oriented orthogonal to each other, where the back prism translation is orthogonal to the optical axis of the cavity. Alignment of the prism cavity is more difficult than for a linear, two mirror cavity, but can be done with a well-defined procedure. Here, we outline one such procedure using two polarizers and two halfwave plates. Before aligning the cavity, the prism stages are adjusted such that each prism is level. The first polarizer is placed before the cavity and polarizes the input radiation in the plane of incidence, P polarized. The input laser is aligned parallel with the table surface and such that it makes an angle of approximately 2θ B with the axis defined along the length of the cavity. The input laser hits the prism such that the "dump" beam exits near the center of face CD defined in Fig. 1 . As the angle approaches 2θ B the reflected intensity approaches a minimum, and this reflected intensity can be used to determine how close the angle is to 2θ B . Once close, fine angle adjustments are made by rotating the prism using the prism stage to find the point of minimum reflectivity, measured using a power meter, corresponding to Brewster's angle. Once found, the prism is slightly rotated away from Brewster's angle (θ B − δ), typically by ∼1°to achieve a finite reflectivity of the cavity.
To align the back prism, a half-wave plate is placed after the input polarizer and rotates the polarization state to S polarized, or vertically polarized, yielding a strong reflection off the input prism. After this reflection off the input prism, the polarization state is flipped back to P polarized using another half-wave plate. In the case of the back prism, like the input prism, the prism is rotated using the prism stage until Brewster's angle is found by minimizing the reflected wave power off the in face of the prism. A polarizer should be placed in front of the detector to minimize any S polarized radiation that strikes the back prism due to imperfections in the half-wave plate or its alignment from reaching the detector. After aligning the back prism, the intracavity halfwave plate is removed. The translation of the back prism is adjusted such that the beam reflected from it travels antiparallel to the beam striking it. Looking at the cavity output, the pitch (rotation along direction AD or EH), roll (rotation normal to the surface AD or EH), and translation of each prism is adjusted to minimize beam walk and create a single beam path inside the cavity.
To optimize the cavity using a pulsed laser source, remove the half-wave plate behind the input polarizer and make small adjustments to produce the longest possible "ring down" signal of light leaving the cavity. It helps to put a polarizer in front of the detector to minimize the contribution from S polarized light (due to the finite extinction ratio of the input polarizer) that couples into the cavity but decays very rapidly inside the cavity. If the output beam is partially blocked, one should see strong intensity modulations in the cavity decay if one is not mode matched, and thus one can adjust the focus of the input beam to minimize the transverse mode beating.
If the input laser is a single mode continuous wave laser that can be scanned at least one free spectral range of the cavity, then measure the intensity of light transmitted through the cavity versus frequency on an oscilloscope. One should see interference fringes from the S polarized light. The prism cavity should be adjusted to give the sharpest and highest intensity lines. Then remove the half-wave plate behind the input polarizer, converting back to P polarized light, which gives much sharper fringes. Finally, adjust the input beam and cavity alignment to give the best mode matching, i.e., fractional intensity in the TEM 00 modes of the cavity.
D. Choice of Prism Material
In principle, a number of different materials can be used to construct the prisms. One wants the lowest possible bulk scattering and absorption loss. For this, one needs a highly homogeneous material. For the presented design, the index of refraction must be greater than ffiffiffi 2 p so that the total internal reflection occurs at the air-prism interface at a 45°angle of incidence. In order to keep surface scattering low, the optic surfaces must be highly polished, ideally super polished to ∼10 −3 λ 0 =2π rms [23] . This polishing requirement restricts one to relatively hard materials. Because the cavity is low loss for only P polarized light, uniaxial birefringent materials, such as sapphire, can only be used if the unique optic axis can be accurately aligned perpendicular to the plane of the prisms. Since any radiation converted to S polarization is quickly lost, an error in this alignment of δϕ can lead to per pass loss as high as 1 − cos 2 ð2δϕÞ ∼ 4δϕ 2 . However, a potential advantage of using a birefringent material for prism construction is that these materials will typically have much lower effects of strain birefringence since the direction of the optic axis is changed only in second order with the magnitude of the strain.
Fused silica is the natural choice for the near-IR spectral region. It has extremely low loss, is chemically inert, and can be polished to better than 1 Å rms roughness. We now have extensive experience with using prisms made from this material. Observed cavity loss is in good agreement with the predictions below. For shorter wavelengths, CaF 2 appears to be the most promising material-its scattering loss in the UV is more than an order of magnitude lower than fused silica [24] and it can also be polished to ∼1 Å rms. In the near IR, the index of refraction is too close to ffiffiffi 2 p for practical use, but it appears that it should be useful for wavelengths shorter than about 600 nm [25] . We currently are working on having prisms fabricated from CaF 2 and will characterize their optical loss.
The loss of fused silica rises further in the IR and likely will not be of practical use for λ > 1:8 μm, but BaF 2 is a promising mid-IR material. It has an index of refraction that varies from 1:476 − 1:442 for λ ¼ 0:55-6:23 μm [25] and it is available in high purity due to its use as a scintillator material. For traditional IR window applications, it is listed as transparent out to 11-11:5 μm, however the low loss required for the Brewster prism application will restrict the useful range. Based upon the IR absorption edge exponential formula [25] , a BaF 2 bulk absorption coefficient of 0:8 ppm=cm at 5:2 μm is predicted. Polishing with a surface roughness of better than 5 Å rms has been reported [26] . The remaining discussion will be specific to our current set of prisms that were made from fused silica, Suprasil 3001, by the Australian Centre for Precision Optics, but, in general, can be applied to other substrates.
Fused Silica Prisms
In our work, we used fused silica prisms with a ¼ AB ¼ 16:0 mm, R c ¼ 6 m, the distance between the prisms of 50 cm, and an index of 1.45 for λ 0 (wavelength in vacuum) of 1 μm. This gives a fused silica path length of L p ¼ 38:2 mm per prism and thus 92.4% of the round trip optical path length is in the gaseous sample. When doing CRDS or CEAS spectroscopy in such a cavity, this factor needs to be included to obtain the absorption coefficient of a sample between the prisms. The above expressions give (in mm) AD ¼ 27:5, BC ¼ 20:3, and CD ¼ 12:9, and angles ∠DBA ¼ 79:6°, ∠BCD ¼ 121:2°, and ∠ADC ¼ 69:2°. The in plane aperture is 7:8 mm and the height of each prism is 14 mm. Surfaces AB, BC, and AD are super polished with surface roughness <1 Å rms and 0-0 scratch and dig over a 10 mm diameter area centered on the predicted transmission and reflection points. The prism with the 6 m curvature surface has tangential and sagittal effective focal lengths of 0.70 and 2:93 m respectively, implying the cavity will be stable for prism to prism distance L g < 1:38 m.
A. Cavity Beam Analysis
The results of a beam analysis of an optical cavity using the ABCD matrix approach will now be presented. The optic ray enters the cavity on the flat prism at point R 3 . To obtain a finite reflectivity for the P polarized light, this will have to be slightly deviated from Brewster's angle, but this will be neglected for purpose of calculating the TEM 00 resonant mode. Below, the first order change in optic axis to changes in this angle is given. The Fresnel reflection from this input surface will travel along the optic axis of the cavity and hit the surfaces of the curved prism at points labeled R 4 -R 7 , with R 5 on the curved surface. The Fresnel reflection when the returning ray strikes point R 0 on surface AD is used for detection, i.e., it is the output ray of the cavity. The complex beam parameters (which give the spot size and curvature of the TEM 00 beam) in the s and t directions are calculated from the s and t direction ABCD matrices for a round trip [21] . The beam parameters for each other point in the cavity are calculated from the ABCD matrices for propagation from R 0 to that point. There is a beam waist in the cavity at the flat reflector opposite the curved surface. Table 1 contains the calculated beam radii in the tangential and sagittal directions at points R 0 -R 7 , with the projected size given at the Brewster surfaces. The strong astigmatism of the TEM 00 mode is evident. For other wavelengths, the beam radii scale as the square root of λ. It would appear that mode matching the input and output beams to a circular TEM 00 would be difficult. However, the diffraction is faster in the direction with the smaller spot size. At a distance of 1:06 m from the entrance Brewster face, both input and output beams have the same s and t beam radii (860 μm) although the radii of curvature are different, R s ¼ 3:73 and R t ¼ 1:48 m for s and t, respectively. A spherical mirror or lens can be tilted off axis at this point to correct for the astigmatism of the beam and produce a cylindrically symmetric TEM 00 beam. If a mirror of radius of curvature R m is used, the proper angle of incidence to remove the beam astigmatism satisfies cosðθÞ ¼
For L g ¼ 50 cm, the cavity free spectral range ðlongitudinal mode spacingÞ ¼ 270 MHz. The transverse mode spacings (due to the Gouy propagation phase shifts) are 27.1 and 65:8 MHz for s and t directions respectively. Table 1 gives the positions of the points R 0 …R 7 in a coordinate system where the origin is at point F, the x axis along F-G, the y axis along F-E, and the z axis out of the plane of the optical path, and thus the z position of each point is zero. 
B. Prism Optical Loss
We will now evaluate the various sources of optical loss in an ideally constructed cavity. The first loss to consider, and the dominant term as one goes to the shorter wavelengths, is the bulk loss of the prism material, due to absorption and scatter. In the near-IR, it is essential to use low OH − fused silica in order that bulk absorption loss does not dominate, especially near 1:4 μm. For such fused silica, in much of the visible and near-IR, the intrinsic material loss is dominated by Rayleigh scattering, which scales as λ −4 . Loss of 1 ppm=cm has been reported for fused silica at λ 0 ¼ 1 μm [27] . Given a fused silica path of L p ¼ 38:2 mm, a 1 μm scattering loss of 9 ppm per prism is predicted. Due to the wavelength dependence, this loss becomes unacceptably large (compared to what can be obtained with dielectric mirrors) for wavelengths shorter than 400-500 nm, which correspond to scattering loss of 350-150 ppm=pass, respectively.
Another source of loss is scatter at each of the interfaces where one has either transmission or total internal reflection. Scattering loss of ½2 k cosðθÞσ 2 ¼ ½4πn cosðθÞσ=λ 0 2 per total internal reflection can be estimated from the vacuum wavelength, λ 0 , the root mean squared surface roughness, σ, and the angle of incidence, θ [23] . For transmission through the dielectric interface at Brewster's angle, the scattering loss is calculated to be 2π
These expressions for the loss can be calculated by considering the phase shift of each optical ray introduced by a surface height fluctuation and then averaging over the beam, taking the average height deviation to be zero. Using super polished substrates, with σ ¼ 0:1 nm root mean squared, the surface scattering can be estimated as 0.15 and 0:79 ppm at λ 0 ¼ 1 μm for transmission at Brewster's angle and total internal reflection respectively, for an estimated loss of 1:88 ppm per prism. In both cases, the surface scattering loss scales as λ 0 −2 and thus becomes less important, compared to Rayleigh scattering, at shorter wavelength.
P polarized light is coupled into the cavity by deviating the input prism slightly from Brewster's angle. Figs. 2-4 . The rotation of a prism by δθ to match Brewster's angle will change the internal total reflection angles by AEδθ. Figures 2-4 also show the critical angle for total internal reflection for fused silica, CaF 2 , and BaF 2 , respectively, as a function of wavelength. It is evident that the range of rotation required to match Brewster's angle will not bring the internal reflection angle close to the critical value. Figure 5 shows the calculated Fresnel loss per prism for P polarized light assuming the incident angle is set to be Brewster's angle for 1 μm fused silica. Figures 6 and 7 show the corresponding Fresnel loss versus wavelength predicted for a CaF 2 prism aligned at 300 nm and a BaF 2 prism aligned at 3 μm. Due to the finite angular spread of the TEM 00 beam, some reflection loss is predicted even when the optic axis is set precisely at Brewster's angle. Given that the angular spread of a Gaussian beam has a standard deviation of
a negligible 0:076 ppm reflection loss per prism is predicted. Inside the prisms, the angular spread of the TEM 00 beam is only 0:0094°in the tangential direction, which implies that if the angle of incidence is more than 0:05°larger than the critical angle, the transmission due to beam spread will contribute a loss of less than 0:05 ppm. The change in Brewster's angle with temperature is
for fused silica with λ > 500 nm, which is negligible for typical ambient temperature changes [28] . In aligning the cavity, one has a trade-off of reducing cavity loss (by operating close to Brewster's angle) and cavity transmission, which is linearly proportional to the Fresnel reflectivity in the common limit that the exci- tation laser linewidth is much larger than the width of the cavity resonances. For shot noise limited detection, the optimal Fresnel coupling per surface is 1=4 of the sum of other round trip cavity losses, while for detector noise dominated detection, the optimal is a Fresnel coupling of 1=2 the other round trip losses.
One is free to deviate the prisms on either side of Brewster's angle. Deviation to smaller angle is usually advised since, for normal dispersion, this will ensure that the coupling rises at shorter wavelength where the losses also tend to be larger. Recently, using the visible portion of a supercontinuum light source, the experimental optical loss measurement were found to be in good agreement with the optical losses predicted by the Fresnel and scattering losses [15] .
An alternative way to couple the optical beam into the cavity is to use frustrated total internal reflection at one of the flat surfaces, such as Pipino et al. has used for monolithic prism cavities [12] . This method has the advantage that both prisms can be tuned precisely to Brewster's angle, which will minimize loss. Also, the coupling into the cavity can be adjusted to achieve impedance matching (input loss matching the sum of all other losses), which maximizes the amplitude of the wave coupled into the cavity. The disadvantage of this approach is that alignment is now much more difficult.
An additional source of loss that should be mentioned is that due to strain birefringence. This causes, on each pass, a fraction of the resonating P polarized light to be converted to S polarization, which is then rapidly coupled out of the cavity. The round trip loss for S polarization is ∼50%. For small stress, the per pass loss can be estimated as ∼δ 2 , where δ ¼ ð2π=λÞL p Δn and Δn is the difference in index along and perpendicular to the stress. This can be written as Δn ¼ B 0 ð1 þ σÞP=R, where B 0 is the strain-optic birefringence coefficient (−0:21 for fused silica), σ is Poisson's ratio (0.168 for fused silica), R is the rigidity (Young's) modulus (31:3 GPa for fused silica), and P is the applied pressure [29] . This predicts δ ¼ 0:19 ðP=barÞ, and thus P < 1 kPa should be applied to the prisms. Because of differential phase shifts upon total internal reflection, the S and P polarized modes have a net round trip phase shift of 1:447π, which cause modes with the same mode indices to have different resonant frequencies (195:3 MHz). This implies that S polarized light produced on different passes of the cavity will, to some extent, destructively interfere. Also, the intraprism path includes legs that are perpendicular, which will reduce δ by ∼60% if the strain is uniform. Thus, the above likely provides a modest overcautious estimate of the maximum pressure that can be tolerated. One should be aware that polishing of optics can leave residual strain and thus birefringence. In some cases, application of a small vertical pressure has been found to decrease the cavity losses, likely because it reduces the angle between the P polarization and one of the axes of the strain birefringence. Measurement of the polarization state of light leaving the cavity allows the relative contribution of birefringence and Fresnel losses to be accessed.
C. Analysis of Alignment and Prism Fabrication Errors
We now present the effects of various misalignments of the prisms from the "ideal" case considered above.
These include both rigid rotation and translation of the prisms and also rotations of individual prism surfaces that model construction errors of the prisms. Clearly, such an analysis is required to select the prism and translation stages and to set prism fabrication specifications. For general misalignments, the rays that make up the optical axis of the resonator will be skewed (nonplanar), which makes hand evaluation of the optical path tedious. We have developed a Mathcad program to simplify this task [30] .
An optical ray is specified by giving a point on the ray, Ry 0 and the k vector that describes propagation, such that the ray is specified by the set of points Ry 0 þ sk for some range s. A planar surface is specified by the locus of points that satisfies n · R ¼ d, where n is the normal to the surface and jdj gives the distance of closest approach of the plane to the origin of the coordinate system. A spherical surface is defined by the locus of points that satisfies jR − R c j 2 ¼ R s 2 , where R c is the center of curvature of the sphere and R s is its radius. A ray with parameters Ry 0 and the k will cross a planar surface characterized by n and d at
Likewise, a ray will cross a spherical surface at Ry 0 þ sk with
where the þ sign is used if it strikes the spherical surface on the concave side (traveling from inside) and the − sign if it strikes on the convex (traveling from outside) side. For reflection off an interface, the k vector changes to k r ¼ k − 2ðk · nÞn. For a planar interface, the surface normal, n, is part of the definition of the surface while for a spherical interface, n will be parallel to R c − R, where R c is the center of curvature of the spherical surface and R is the position where the ray strikes the spherical surface. Application of Snell's law gives for the transmitted beam a propagation vector
where n r is the ratio of the index of refraction of the medium the ray is entering to that of the one the 
One can define misalignment of the optic elements in the cavity by defining rotations of each optical element by an angle ω through a point c around an axis defined by unit vector a. After such a rotation, a vector, such as the normal vector that defines a plane, n, will be changed to n 0 ¼ ða · nÞa þ cosðωÞ× ½n − ða · nÞa þ sinðωÞða × nÞ. The distance parameter of a plane will be changed to
Rays close to the reference ray (that is propagated as above) can be predicted using the ABCD matrix approach where each optical element is represented by a 2 × 2 matrix that gives how the vector ð r nr 0 Þ propagates, where r is the distance from the optic axis, n is the index of refraction, and r 0 is the derivative of r along the propagation direction. However, there are different matrices for the sagittal and transverse planes, and these planes will, in general, change from optical element to optical element. The ABCD matrix approach is generalized by a four element vector ð r s nr 0 s r t nr 0 t Þ, where deviations in the s and t planes are given. For each optical element, the s direction is defined as along k × n and the t direction is defined as along s × k. As an optic ray travels from one element to the next, the s and t planes have to be rotated to align the s and t directions of the optical surface the ray is leaving with those of the optical surface that the ray will strike next. The same transformation is used to keep track of how an initial polarization vector will evolve as the ray travels around the cavity. This allows the Fresnel reflection losses and the phase shifts upon total internal reflection to be followed.
If an arbitrary optical ray, r 0 , is propagated one round trip of the optic cavity, the resultant ray, r 1 , will not overlap r 0 unless r 0 happened to coincide with the optic axis of the cavity. The generalized 4 × 4 ABCD matrix (M) predicts how a small deviation from this initial ray, δr 0 , will be changed by round
that will align the ray with the optic axis of the cavity. This is correct only to first order in δr 0 , and thus one needs to iterate a few times to find the new optic axis of the cavity. In this way, the new optic axis of the cavity can be determined for any misalignment of the optical surfaces that make up the cavity. In the case of each angular misalignment, a displacement of a 1 min of arc (291 μrad) is used in the calculations, while for translational adjustment an optical displacement of 1 mm is used. The effect of a þ0:01 increase in the index of refraction was also calculated to predict the shift in the optic axis due to prism dispersion at fixed prism alignment.
The displacements, in mm, of the interactions of the optic axis with the various surfaces (R 0 -R 7 ) that result from a series of cavity misalignments are numerically calculated using the above discussed method. Only directions that have a first order displacement are given. Table 2 shows the results for rigid rotation of each prism. Rotations are defined as follows: (1) pitch (rotation axis along AD or EH), (2) roll (rotation axis centered in and normal to surfaces AD and EH), and (3) yaw (rotation axis in surfaces AD or EH and parallel to the z axis, i.e., out of the optic plane). The optical axis displacements are calculated for 1 arc minute displacements in each of these directions for each prism. Both pitch and roll produce out of plane displacements of the optic axis, by up to 0:97 mm= min for pitch and 1:4 mm= min for roll. Yaw (which is the displacement used to tune the angle of incidence around Brewster's angle) produces only very small in plane displacement of the optic axis, but will produces changes in the Fresnel loss as discussed above. In order to optimize the mode matching of the input beam to the cavity, one needs to be able to align the optic axis of the cavity with a precision on the order of 10% of the spot sizes. Thus, based upon the alignment sensitivities presented here, the mounts that control prism alignment should have a precision of an ∼3 seconds of arc (∼15 μrad). Translation of the prisms is now considered. Displacement in the direction between the prisms (R 3 -R 4 ) will have no effect on the optic axis and will not introduce additional loss, although it will sweep the modes of the cavity by one free spectral range (FSR) per half-wavelength change in the spacing. Likewise, a vertical (z) displacement of the flat prism will not move the optic axis, while a z displacement of the focusing prism will translate the optic axis by the same amount. These motions will not change the reflection or scattering loss of ideal prisms. Translation of one or the other prisms in the direct perpendicular to both (R 3 -R 4 ) and z will change the alignment. A 1 mm displacement leads to up to 1 mm in plane displacement of the optic axis relative to the curved and displaced flat prisms but does rotate the direction of the optic axis. Using the <10% of spot size specification given above, this implies that we need a precision of ∼50 μm for the prism translations.
Next, we consider prism manufacturing errors. The reflection loss and beam displacements have been calculated for rotations of each of the individual optic surfaces, taking the rotation to be centered in each optical surface. In each case, there is an in and out of plane rotation of the surface that produces corresponding in and out of plane displacement of the optic axis. The displacement for each such rotation is given in Table 3 . Typical displacements are up to 1:7 mm= min of arc. Critical are the 90°angles, both between the total internal reflection surfaces (∠ABC and ∠EFG) and between the base of the prism and surfaces AB, BC, AD, EF, FG, and GH. Based upon the results given in Table 3 , an alignment precision of ∼0:5 min of arc or 0:2 mrad is needed to keep the displacements of the optic axis within one beam spot size. Such a tolerance can be achieved for 90°angles but is challenging given the number of surfaces. Another optical specification is the centering of the curved surface (EF). In and out of plane errors in this centering are equivalent to in and out of plane rotation of that surface. If this is the only error, the optic axis will strike the center of the curve, defined by the point that has its local normal parallel to the edge FG. Finally the changes due to a þ0:01 increase in the refractive index are considered. If the fused silica prism cavity is aligned near 1 μm, the index variation over the useful transparency range is about AE0:01. Only very small changes in optic alignment are produced by the prism dispersion.
D. Prism Dispersion
The most efficient way to couple broad bandwidth light into an optical resonator is to use a mode locked laser source with a repetition rate that exactly matches the FSR of the cavity, or is at least a low order rational ratio of it [31] . This option is made 
more attractive by the current ability to use photonic crystal fibers to generate white light frequency combs [32, 33] . The FSR of the prism cavity can be written as
where L 0 ¼ 2ðL g þ nL p Þ is the round trip optical path length and (dL p =dn) and (dL g =dn) are the changes in the intraprism and extraprism path lengths due to a change in the optic axis when the prism index, n, is changed. For the fused silica prism cavity as defined above, L p ¼ 38 mm and ðdL p =dnÞ þ ðdL g =dnÞ ¼ ð−12 þ 18Þ mm ¼ 6 mm, and thus the direct material dispersion dominates. Both (dL p =dn) and (dL g =dn) approach zero as L g → 0 and approach values proportional to a and independent of L g for L g more than a few times a, which will be the case in most practical applications. For fused silica, the free spectral range of the cavity at 1 μm is 269.86 ð269:63Þ MHz without (with) the dispersion terms. Figures 8-10 show plots of the calculated FSR versus wavelength for fused silica, CaF 2 , and BaF 2 , respectively. The dispersion of the prism cavity will limit the effective spectral range that can be coupled into the cavity as fixed prism spacing. If we neglect frequency jitter of the frequency comb and the cavity length, then it is easily shown that the spectrum of light coupled into the cavity when excited with a frequency flat optical comb will have a Lorentzian line shape with a FWHM of Δν c given by
where L rt is the round trip fractional energy loss of the cavity. We can express the cavity dispersion as dFSR dν
At 1 μm and L g ¼ 50 cm, ðdFSR=dνÞ ¼ 7:4 × 10
(approximately proportional to L g −2 ), and this predicts that the spectrum that can be simultaneously coupled into a cavity with a round trip loss of 10 −4 is 112 GHz (approximately independent of L g ). This can be increased by dithering the cavity or comb center frequency. The amplitude of the frequency dither, Δν d , required to couple in a spectral range Δν c is given by 
If we center the cavity on the zero dispersion wavelength, the bandwidth we can couple into the cavity is given by
At the zero dispersion point for the fused silica cavity ðd 2 FSR=dλ 2 Þ ¼ 0:56 Hz=nm; and spectral coupling bandwidth of 1:9 THz is calculated for a cavity with L rt ¼ 10 −4 . The (d k L 0 =dn k ) are almost independent of L g , which predicts that Δν c is also independent of L g . For CaF 2 , the zero dispersion wavelength is 1:54 μm, well outside the useful range for Brewster prisms made of this material. For prisms made of BaF 2 , the zero dispersion wavelength is 1:9234 μm, compared to 1:9245 μm for the bulk material. At this wavelength, ðd 2 FSR=dλ 2 Þ ¼ 0:092 Hz=nm, which predicts a coupling bandwidth of 2:0 THz.
Conclusions
We have shown that stable and low loss optical cavities can be constructed from fused silica and likely also other materials, including CaF 2 and BaF 2 . The design of such a cavity that we have found useful is fully described and analyzed with respect to alignment and fabrication errors. The important sources of optical loss and effects of material dispersion are also analyzed. The Brewster angle retroreflector prism cavity has a low optical loss over a much larger bandwidth than can be realized by dielectric mirrors and as such is particularly attractive for broad spectral coverage such as we recently demonstrated by using a supercontinuum light source [15] .
